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Abstract

Max-plus algebra is a semiring with two operations: addition @ := max and multiplication ® :=
+. The definition of the max-plus algebraic determinant is equivalent to the assignment problem
on a bipartite graph. Since the assignment problem has a formulation as linear programming,
the duality theorem induces the minimization problem that attains the same optimal value as the
assignment problem. We translate this dual problem in terms of max-plus algebraic operation
and obtain another expression for the max-plus algebraic determinant. For the determinant of
the product of max-plus square matrices, we have only the inequality det(P ® Q) > det P ®
det @, and a known sufficient condition for the equality is given by the condition for det(P ®
Q). Exploiting the duality theorem for the determinant, we derive a necessary and sufficient
condition for the equality. Our criterion only needs the optimal assignments corresponding to
det P and det Q but does not require to compute det(P ® @) beforehand.
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1 Introduction

Max-plus algebra is a commutative semiring associated with the addition @ := max and the
multiplication ® := +. It has been applied to discrete event systems such as timed event graphs,
heap models, manufacturings, rail systems, network calculus, and so on. Min-plus algebra, which
is essentially the same as max-plus algebra, has been developed in connection with the shortest
path problem. Moreover, max-plus algebra is known as an underlying algebra of tropical geome-

try.

In this paper, we focus on determinants of max-plus square matrices. In max-plus algebra, the
“signs” of numbers are not considered because there is no inverse element for addition. Hence,
determinants of matrices are defined as in the usual algebra by omitting the signs of permuta-
tions, i.e., they are the same as permanents. From the viewpoint of combinatorial optimization,
computing the max-plus algebraic determinant is known to be equivalent to solving the problem
of finding a perfect matching with the maximum weight on a bipartite graph, which is called the
optimal assignment problem. That problem for an n-by-n max-plus matrix with m finite entries
can be solved by the Hungarian method [14] in O(n(m + nlogn)) time of computation when the
improvement proposed in [17] is applied.

Several kinds of other algorithms for the optimal assignment problem, such as primal algo-
rithms, dual algorithms, and the Dinic-Kronrod algorithm, are summarized in [3]. The assign-
ment problem can be expressed as an integer programming. Due to the total unimodularity of the
coefficient matrix, the duality theorem shows that the optimal value of the assignment problem
coincides with the dual one. The constraints of the dual of the assignment problem are defined
by the transpose of the incident matrix of the bipartite graph. Such kind of system of inequalities
is studied in [4] as the system of dual network inequalities. Tropical geometric characterization
of the dual feasible solution set is given in [12]. The diagonal scaling of matrices establishes a
characterization of dual optimal solutions in terms of the eigenvalue problem [10].

In usual linear algebra, a famous identity on determinants of matrices is det(PQ) = det P det Q).
Surprisingly, a max-plus analogue of this identity does not hold, while the inequality,

det(P ® Q) > det P ® det Q,

still holds for any square max-plus matrices P and () of the same sizes. (Note that the symbol det
here and hereafter denotes the max-plus algebraic determinant.) This inequality was mentioned
in [15] and also derived in [2] as a corollary of the max-plus Cauchy-Binet formula [7]. A sufficient
condition for P and @ to satisfy the equality,

det(P® Q) = det P @ det Q, (1)

was proposed in [15] by considering the parities of the permutations attaining det(P ® Q). An
inequality for bideterminants of max-plus matrices presented in [9] also implies a sufficient con-
dition for (1). Similar inequalities are found in the symmetrized max-plus algebra [8] and the
supertropical algebra [11].

In Section 2, a new expression of the max-plus algebraic determinant, say, the dual-type for-
mula, is presented. We interpret the duality theorem for the assignment problem into the max-
plus algebraic framework. Since the determinant is identical to the optimal value of the assign-
ment problem, it is also achieved as that of the dual one. More precisely, if we denote the usual
arithmetic sum of all entries of vector z by v(z), the determinant of a matrix P coincides with the
minimum value of v(P ® z) divided by v(z) in the context of max-plus algebra.
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Section 3 is the discussion on (1). Our contribution in this paper is to derive an equivalent
condition for P and @ to satisfy (1), while only sufficient conditions have been considered so
far. We reduce the validity of (1) to the max-plus algebraic eigenvalue problem by exploiting the
dual-type formula of max-plus algebraic determinants. Although the very restrictive condition
that requires the invertibility of matrices was derived in [1], other known sulfficient conditions are
described in terms of the product P ® (). On the other hand, the criterion presented in this paper
uses only knowledge of det P and det ), not of det(P ® @). This enables us to check whether (1)
holds in O(n(m + nlogn)) time of computation, where n and m represent the order and the total
number of finite entries of matrices, respectively.

2 Duality Theorem for Determinants of Max-Plus Matrices

Let Ryax = RU {—00} be the real numbers R augmented by —oc. For a,b € Ry,ax, addition &
and multiplication ® are respectively defined by:

a®b:=max(a,b), a®b:=a+0d.

Then, (Rimax, ®, ®) is max-plus algebra. The additive identity is € := —oco and the multiplicative
identity is e := 0. The inverse of a € R cannot be defined for addition @, while the max-plus
divisionisa @ b := a ® (—b) for a € Ryyax and b € R.

Let IRQ1aX and [leﬁaxx" denote the sets of all n-dimensional vectors and m-by-n matrices. The zero
vector is £, := (e,¢,...,6)" € R, . For P,Q € R"X", the matrix sum P @ Q € R™X" is

[P @ Qlij := [Pli; ® [Qij-

Here, [P];; stands for the (i, j) entry of the matrix P. For P € RX™ and Q € R7X", the matrix
product P ® Q € R is

max

k:l

For P € R2X" and o € Rpax, the scalar multiplication o ® P € R} is

max max

[a® Plij == a® [Pl

A matrix P € R™*" has its inverse P®~! if and only if it contains exactly one finite entry in

max

each row and column. Such a matrix is called a generalized permutation matrix.

The determinant of P = (p;;) € RIX? is defined by:

max

det P = @ ®pia (i) = maxzpza( (2)

oeS, i=1

where S, is the set of permutation of {1,2,...,n}. The set of permutations attaining the maxi-
mum in (2) is denoted by S(P). Computing the max-plus algebraic determinant is equivalent to
solving the assignment problem. Let us consider the bipartite graph with the disjoint vertex sets
{l1,12,...,1,} and {r1,79,...,ry}, and the edge set {(I;,7;) | pi;; # €}. The edge cost is given by
¢((l;,r5)) = pi;. The assignment problem in this bipartite graph is to find a perfect matching, that
is, the subset of edges covering every vertex exactly once, so that the total edge cost is maximized.
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The bipartite graph has no perfect matching if and only if det P = . The assignment problem
is expressed as an integer linear programming:

n

maximize Z PijTij,
i,j=1
n

subject to Ty =1, i=1,2,...,n,

) ; J (P)

n
> wy=1, j=1,2,...,n,
i=1

zi; €{0,1}, i,j=1,2,...,n.

The linear relaxation of (P) is given by replacing all constraints z;; € {0,1} with 0 < z;; < 1. As
the first two constraints of (P) induce x;; < 1 for all ¢ and j, the linear relaxation is equivalent to
the problem (LP) below:

maximize PijTij,
ij=1
n
subject to inj =1, 1=1,2,...,n,
im1 (LP)
n
meil’ ]*1727 , 1,
i=1
(E2]>07 i,5=1,2, 1

It is well known that the optimal values of (P) and (LP) coincide since the coefficient matrix,
which is the incidence matrix of a bipartite graph, is totally unimodular, i.e., all minors are —1,0
or 1 [16]. The dual problem of (LP) is as follows:

n n
minimize Z Ui + Z vy,
i=1 j=1 (D)
subject to Ui + V5 > Pijs ,7j=1,2,...,n.

Note that the constraints of (D) are also valid for the case with p;; = ¢. By the duality theorem
[16], the optimal values of (LP) and (D) coincide, if exist.

Now, we focus on the constraints of the problem (D). The inequalities for j = 1,2,...,n are
integrated as:

Uz‘Z@pzj@(—vj), 1=1,2,...,n. (3)
=1
Let u = (uy,u,...,u,) and v = (vy,va,...,v,) . Then, (3) can be represented in the matrix
form:
u>P®(—v). (4)
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Since we are considering the minimization of the objective function, each variable u; should be as
small as possible. Hence, for the optimal solution, the inequality in (4) can be replaced with the
equality, that is

u=P®(-v).
For u = (uy,us, ..., u,)" € R, let,
v(u) =ur +us+ ...+ up.
Then, the problem (D) is expressed as the unconstrained optimization problem,
minimize  v(P® (—v)) @ v(v).

Thus, if (P) has a feasible solution, then we have

det P = nel%Rr}l V(P ® (—v)) @ v(v).

If (P) is not feasible, we see that the objective function of (D) has no lower bound by the duality
theorem. Hence,

det P = min (P ® (—v)) @ v(v) = .

DER’!L
Replacing v € R™ with —z, we have the first main theorem.

Theorem 2.1. Let P € R**X™, Then,

max *

det P = min v(P ® z) © v(z).

zER™

Suppose det P # ¢. We next characterize the set,
d(P):={zeR"|v(P®z)2v(z) =det P},

in terms of the eigenvalue problem. Similar approaches can be found in max-plus matrix scal-
ing [10]. Here, we present a short introduction to the max-plus eigenvalue problem [6].

For P € RpX7, we define A € Rpyax as an eigenvalue of P if some vector x € R? .. \ {&n},

max’/

namely, an eigenvector, satisfies,
PRx=A®x.

The maximum eigenvalue of P = (p;;) € R2%? can be characterized by the associated digraph
G(P). The vertex set of G(P) is

V={12,...,n},
and the edge set is
E=A{(i,j) | pi # €},

with weight w((4, j)) = pi;. A path in G(P) is a sequence (i, %1, ..., i¢) of vertices where
(ig—1,1x) € Efork =1,2,...,¢. Itis called a circuit if iy = 7. The number of edges contained in
apath P = (ig, 41, ..., %) is called the length ¢(P) of P. The sum,

4
w(P) = w((in-1,ir),

k=1
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is the weight of P. The average circuit weight of a circuit C is the ratio of its weight to its length,
namely:

ave(C) = l;((g)

If G(P) contains no positive weight circuit, then the (4, j) entry of
PT=PoP¥e..0P%,

stands for the maximum weight of all paths from vertex i to j in G(P). The maximum average
circuit weight in the associated digraph G(P) is equal to the maximum eigenvalue of P. The
eigenspace with respect to the eigenvalue ) is generated by the column vectors of ((—\) @ P)*
whose diagonal entries are 0.

Let W(P) = {x € R" | P ® = «}. For a matrix P = (p;;) € RX? and a permutation o € S,,,
the matrix P, is defined by:

[P]ija lf]:U(Z),

[Polij =
€, otherwise.
If pig(iy # € fori = 1,2,...,n, then we can easily verify that P, is a generalized permutation
matrix.
Proposition 2.1. Let P € R}.X". If det P # ¢, then we have

d(P) =W (PP~ @ P),

forany o € S(P).

Proof. Takeany o € S(P). Recallthat z = (21, 22,...,2,)" € d(P), meansthat (u,v) = (P®z, —2)
is an optimal solution to (D). We have

—u; + pir, — v <0,

foralli, k € {1,2,...,n} by the constraints of (D). In particular, since z;,(;) = 1 > 0 for the primal
optimal solution (z;;) € R"*", we see by the complementarity condition that,

—U; + Pio(i) — Vo(i) = 0,

foralli € {1,2,...,n}. Let D(z) € R2%” be the diagonal matrix with z1, 29, . . ., z, on its diagonal.
All entries of the matrix,

D(—(P®z))®P®D(z), (5)

are nonpositive, and in particular, (i, 0(7)) entries are 0 for all 4, because the (i, k) entry of (5) is
—u; + pik — V. On the other hand, the (4, k) entry of (5) is computed as

- @pij ®zj | pik @z < 0.
j=1
Hence, we see that z € d(P) if and only if,

n

@pij ® 25 = Dio(i) @ Zo(4)s

j=1
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fori=1,2,...,n, which implies P ® z = P, ® z. Thus, z € d(P) is equivalent to
ze W(P® 1w P).
This proves the proposition. O

Remark 2.1. Since all diagonal entries of P2~' ® P are 0 and the associated digraph G(P2~! ® P)
has no positive weight circuit, the entries of (P~ @ P)®* stand for the maximum weights of paths in
G(P2~! ® P) whose length is up to k. In particular, we have

(PE @ P)t = (P @ P)¥F,
forany k > n, and
W(PE e P)={(P®'®P)t ©u|ucR"},

by Theorem 1.6.18 of [6].

Example 2.1. Consider a matrix,

The max-plus algebraic determinant of P is
detP=3®200®1=75,

which is attained by o := id € S(P). The dual optimal solutions are the finite eigenvectors of

3 ¢ 30 0 -3
®—1 _ _
Py ®P_(5 2>®<1 2)‘(1 0)'

Since we have (PE~1 @ P)™ = P&~ @ P in this example, the dual optimal solutions are the max-plus

algebraic linear combinations of z1 := <_01> and zo 1= ( 0

). For example, by taking,

2:=21P1R® 2y = (?),
we observe that,
v(iPz)ov(z)=(B3®1)+(1®3)@(0+1)=5=det P.

The set of dual optimal solutions is illustrated in Figure 1.

Figure 1: Dual optimal solutions for P in Example 2.1.
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3 Determinants of Matrix Product

In the usual algebra, the identity det(PQ) = det P det @ holds for any matrices P, @ € R"*".
However, the matrices below provide a counterexample for the max-plus analogue of this identity.

Example 3.1. Consider two matrices,

3 0 0 2
r=(12) o= 3)
The determinants of these matrices are det P = 5 and det () = 7, respectively. Hence,

5 6

det(P ® Q) = det (7 8

) =13 # 12 =det P ® det Q.

It is shown in literature that the inequality,
det(P® Q) > det P @ det Q, (6)

always holds for any P, Q € RX7. A sufficient condition for the equality in (6) is presented in [15].

max *

Proposition 3.1 ([15]). Let P,Q € RX". The equality,

det(P ® Q) = det P ® det Q, (7)

holds if S(P ® Q) does not have two permutations in different parity.

In this section, we aim at deriving an equivalent condition for P and Q) to satisfy (7).

Theorem 3.1. Let P,Q € RIX? and suppose det P # ¢ and det Q # . Take any permutations o € S(P)

max

and m € S(Q). Then, (7) is satisfied if and only if,

WPE T P)NW(Qo Q2™ #0.

Proof. “Only if” part: Take a vector z* € d(P ® @). By Theorem 2.1, we have

det(PRQ)=v(PRQ®z")ov(z")
=Pz )ovQ®z2")) e Qez")ov(z").

Moreover, by applying Theorem 2.1 to P and @), we have
detP<v(PRQ®z*)ov(Qoz"), (8)
and
det @ <v(Q®z") O v(z"). 9)
Combining them, we obtain,
det(PRQ)=v(PRQ®z)orQ®:z") Qe z*) ov(z")) > det P®det Q.
Thus, when we assume that (7) holds true, considering (8) and (9), we must have

det P=v(P@Q®z") ov(Qez"),
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and
det Q@ =v(Q ® z¥) o v(z").

By Proposition 2.1, these equalities mean that,

Qe e WP ®P),
and

2 eW(QF Q)
respectively. The latter leads to,
QeEIHeEez)=0e (@7 8Q) ez =Qez"

Hence, we have

Q2" eW(Q®QT™),
Thus, we obtain,

WP @ P)nW(Q®Q7™") #1,
proving the “only if” part of the theorem.
“If” part: Suppose W(PE™1 @ P)NW(Q ® Q¥~1) # 0. Then, take a vector,
y eWE o P)NW(Qe Q).
Considering Remark 2.1, we can take u € R" such that,
v = Qe )" e
Setting,
Z=(Q 7 eQ el vy,
we have
Q¥ '9Q)® 2" = 2%,

by using the fact that (@2~ @ Q)®("+1) = (Q¥~1 ® Q)®". Hence, we obtain the pair (y*, z*) such
that y* € d(P), z* € d(Q), and y* = Q ® z*. Then, we have

det(P® Q) = zIIé%RI}L V(PRQ®z)ov(z)

<v(PR®Q®zY)ov(z")
=wPey")ovy")) e wQez")ov(z"))
=det P ® det Q.

Since det(P ® Q) > det P ® det @ always holds, we obtain (7). O

The condition that W(P2~! @ P) N W(Q ® Q¥~1) # () can be checked easily.
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Corollary 3.1. Let P, € R and suppose det P # € and det Q # e. Take any permutations o € S(P)

and € S(Q). Then, (7) is srple;i);ﬁed if and only if the digraph G(P;' @ P & Q ® Q1) has no circuit with
positive weight.

We use the following result for the proof of the above corollary.

Lemma 3.1 (Corollary 9 of Butkovi¢ (1985) [5]). Let P,Q € R2x2. If all diagonal entries of P and Q)
are nonnegative, then we have

W(P)NW(Q)=W(PoQ).

Proof of Corollary 3.1. By Theorem 3.1, (7) is satisfied if and only if,
W(P, ' o P)NW(Q®Q;") # 0.
Applying Lemma 3.1 to P,;! @ P and Q ® Q, ', we have
WPt @ P)NW(Qe Q) =W(P '@ PoQ® Q).
Since the eigenvalue corresponding to a finite eigenvector is equal to the maximum average

circuit weight in the associated digraph, we see that W (P, @ P & Q ® Q') # 0 if and only if
G(P;' e PaQ® Q") has no positive weight circuit. O

Example 3.2. Consider the matrices P and Q in Example 3.1. Take o = id € S(P)andm = (12) € S(Q).

Since,
o (0 -3 0 -5\ _ (0 -3
P @PoQed; _<—2 o)@<4 0)‘(4 0)’
the digraph G(P; 1 @ P ® Q ® Q') has a circuit (1,2, 1) with weight 1. Thus, the strict inequality in (6)
holds. Next, we consider another matrix,
0 3
r=(13).
For = (12) € S(R), we compute,
. (0 =3 0 —4\ (0 -3
prspensnt= (Y Fe (0 W0 ).
Then, the digraph G(P; ' ® P & R ® R;') has no positive weight circuit, and there is a vector,
<_03> e W(P:'® P)nW(R® RV,
Thus, we have the equality det(P ® R) = det P ® det R. The direct computation shows that,

det(P ® R) = det P ® det R = 12.

The sets W(P2~1 @ P),W(Q ® Q2= 1) and W (R ® R ') are illustrated in Figure 2.
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WQeQ™) W(ErVeP) W(ReRXY) WrDeP)

21 K4

Figure 2: Illustration for W(P2~! ® P) and W (Q ® Q®~") (left) and W(R ® R, ') (right) in Example 3.2.

Example 3.3. Let us consider,

We can easily verified that,

det P =detQ = det R =0,
and S(P) = S(Q) = S(R) = {id}. As

0 1 0 e
PaQ=|c¢ 2|1, P®eR=| ¢ 0 )
1 0 -3 -2

the digraph G(P ® Q) has a circuit (1, 3, 1) with positive weight, while G(P & R) has no circuit with positive
weight. Hence, we have,

N O M
[l O

det(P® Q) # det P®@det Q, det(P® R) = det P ® det R.

In fact, the direct computation shows,

2 31 0o -1 1
det(PRQ)=det [3 4 2| =6, det(P®R)=det[{—-1 0 2| =0.
1 20 -3 -2 0

We discuss the computational complexity for checking whether (7) holds for given
P,Q € R} with m; and ms finite entries, respectively. Since the product of sparse matrices
may not be sparse, the computation of det(P ® Q) requires O(n?) time in general. In contrast,
by the Hungarian method [14], we can obtain o € S(P) and 7 € S(Q) in O(n(m1 + nlogn))
and O(n(ms + nlogn)) times of computations, respectively. As P,;! @ P ® Q ® Q' has at most
(m1 + my) finite entries, it can be checked in O(nm) time whether G(P, 1 ® P ® Q ® Q') has a
positive circuit by the Karp algorithm [13], where m = my + mq. Thus, the validity of (7) can be
checked in O(n(m + nlogn)) time, which is less than O(n?) when P and @ are sparse.

4 Conclusion

We discussed the determinant of a max-plus matrix from the viewpoint of the duality theorem.
We derived a dual-type formula of max-plus algebraic determinant. Using that expression, we
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propose an equivalent condition for the multiplicative identity of max-plus algebraic determinant.
As a possible future work, other max-plus algebraic objects might be characterized in terms of
duality.
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